Abstract. Examples are constructed of rationally isomorphic, finitely generated nilpotent groups L and M such that there are no homomorphisms L → M, M → L inducing rational isomorphisms. Similar examples are constructed of nilpotent, or even simply-connected, finite CW-complexes.
Introduction and statement of results
Recall that nilpotent spaces X and Y are rationally equivalent if their rationalizations X (0) and Y (0) are homotopy equivalent; similarly, nilpotent groups L and M are rationally isomorphic if their rationalizations L (0) and M (0) are isomorphic. (See [2] for an exposition of the theory of localization of nilpotent groups and spaces.)
In certain situations in homotopy theory, it is important to know, for given rationally equivalent, finite type nilpotent spaces X and Y, whether there actually is a map from, say, X to Y inducing a homotopy equivalence X (0) Y (0) . In the context of phantom map theory, several examples were given in [3] , [4] , [8] to illustrate that such maps need not exist. A particularly simple example of this type, in which there are no maps between X and Y in either direction inducing a homotopy equivalence on the rationalized spaces, is given by the 1-connected, infinite CW-complexes X = the classifying space BS 3 and Y = the loop space ΩS
For this example, we have
but for every prime , the -localizations X ( ) and Y ( ) are not homotopy equivalent. In contrast, if X and Y are rationally equivalent, 1-connected, finite CWcomplexes, then it turns out that X ( ) Y ( ) for almost all ; similarly, if L and M are rationally isomorphic, finitely generated nilpotent groups, then
We noted in passing in [9, section 2] that one could even find rationally equivalent, 1-connected finite CW-complexes such that there are no maps between X and Y in either direction inducing a rational equivalence X (0) Y (0) , 2 but the method outlined in [9] does not lead to an analogous example of finitely generated nilpotent groups. Our aim in this note is to modify the approach in [9] so as to yield:
Theorem. There exist finitely generated, torsion-free nilpotent groups L and This Theorem represents a sharpening of [7, Theorem 2.2] . Both theorems depend on the existence of J. Dyer's finite-dimensional, rational nilpotent Lie algebra L, possessing the property that every automorphism of L induces the identity automorphism on the abelianization of L ( [1] ). The groups L and M are lattices in the rational nilpotent group corresponding to L under the classical log-exp equivalence, constructed in such a way as to have isomorphic -localizations for all but two primes .
As a consequence of the Theorem, we infer:
ii) there are no maps between X and Y in either direction inducing a rational equivalence.
The spaces X and Y in the Corollary are not 1-connected, and to produce 1-connected examples, as in [9] , more work is needed. After proving the Theorem and Corollary in the next section, we make a comparison of the techniques leading to the Corollary and to the example in [9] .
I would like to thank the referee for a number of helpful observations, in particular for supplying the Remark following the proof of the Theorem in section 2.
Proofs and commentary
To prove the Theorem, we modify the procedure discussed in [7, section 2] . Following [7, section 2] , start with a finite-dimensional, rational nilpotent Lie algebra L with the property that any Lie algebra automorphism of L induces the identity on Ab(L), the abelianization of L, and let N be the rational nilpotent group corresponding to L under the log-exp equivalence. Then take H to be the subgroup of N generated by a set {x 1 , . . . , x m } which maps onto a basis of Ab(N ), the abelianization of N (the latter being a rational vector space); H is a finitely generated, torsion-free nilpotent group of class 6. Now consider a composite
α being the evident epimorphism and β being an arbitrary epimorphism to the cyclic group of order p.q, where p and q are distinct primes. Define K to be the Kernel of β • α and write i : K → H for the inclusion. Of course, i is anisomorphism for all primes = p, q. Next take a decomposition of the set of all primes into disjoint subsets P, Q with p ∈ P, q ∈ Q and construct the pullbacks ("Zabrodsky mixes")
Here, H P and K P denote the P -localizations of H and K and similarly for H Q and K Q ; moreover, the four homomorphisms
. In view of (2.2), we would thus have a homomorphism ψ : It remains to show that L and M are finitely generated (it being plain that they are torsion-free). To this end, it suffices to check that Ab(L) and Ab(M ) are finitely generated; cf. [2, Proposition I.5.2] for a more general result. But
Since K and H are finitely generated, it follows that Ab(L) P is a finitely generated Z P -module and that Ab(L) Q is a finitely generated Z Q -module. According to [2, Theorem I.3 .10], Ab(L) is then a finitely generated Z -module. Similarly, Ab(M ) is a finitely generated Z -module and the proof of the theorem is complete.
Remark. Fixing a prime p and taking the kernels of a sequence of epimorphisms
compatible with the natural projections Z/p r+1 → Z/p r , we obtain an infinite descending chain of subgroups of H, all rationalizing to N, but no two of which have isomorphic p -localizations.
Proof of Corollary.
Let X and Y be the Eilenberg-Mac Lane spaces K(L, 1) and K(M, 1). Statements (i) and (ii) of the Corollary are immediate consequences of the corresponding statements in the Theorem. Thus, it remains to establish that X and Y are (up to homotopy) finite CW-complexes.
As L is a finitely generated, torsion-free nilpotent group, it embeds as a discrete, uniform subgroup of a 1-connected nilpotent Lie group M(L) (Malcev). But M(L) is contractible and so the homogeneous space M(L)/L, which is a closed, finitedimensional, smooth manifold, is a K (L, 1) . It follows, a fortiori, that X has the homotopy type of a finite CW-complex and similarly for Y.
To obtain 1-connected finite CW-complexes (though not closed, smooth manifolds) satisfying the two statements of the Corollary, we could mimic our proof of the Theorem, relying however on the results of [7, section 3] (as corrected in the Erratum).
3 As with the groups L and M, the resulting spaces X and Y would be -equivalent for all but two primes. The approach outlined in [9, section 2] to obtain suitable spaces X and Y also used [7, section 3] but in a different way from that used here.
We first constructed a pair of 1-connected finite CW-complexes A and B such that A and B are -equivalent for all but one prime p and for which there exists a map A → B inducing a rational equivalence A (0) −→ B (0) but for which there is no such map B → A in the opposite direction. Then we constructed a second pair of 1-connected finite CW-complexes C and D satisfying exactly the same conditions as the first pair except that the connectivities of C and D exceed the dimensions of A and B. Finally, we took X = A ∨ D, Y = B ∨ C and observed that X and Y are 1-connected finite CW-complexes satisfying the two statements of the Corollary and such that X and Y are -equivalent for all = p.
The approach just described exploits the "positively graded" character of 1-connected spaces. The crucial property of being able to select a second pair {C, D} which does not "interfere with" the first pair {A, B} cannot, in any evident way, be replicated in nilpotent groups. Note also that we used that the coproduct in the homotopy category preserves 1-connectedness. On the other hand, the coproduct in the category of groups (free product) fails to preserve nilpotence; likewise, the coproduct in the homotopy category fails to preserve nilpotence. 4 Thus, direct mimicking of the procedure in the previous paragraph to establish our Theorem is doomed to failure.
Nevertheless, it is legitimate to ask whether the Theorem (and the Corollary!) can be improved. 
